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1. Introduction 

To find nice geometric representatives within a given knot class, several new energies have 
been invented in the last two decades. The earliest knot energy for smooth curves was the 
so-called Mobius energy introduced by Jun O'Hara in [0'H91], 

1/2 

R/Z-l/2 

which was later on extended to the family of energies 

1/2 

E^"''\y) r r f , , --^ - -r-^ |r'(« + "^)||r'(«)| dwAu 

J J Wriu + w) - y(u)f dy(u + w,uYI ' " ' 

R/Z-l/2 

fora, p e [l,oo), see [0'H94]. Here c/y(M + i(;,M) denotes the intrinsic distance between -/(m+k;) 
and y{u) on the curve y. More precisely, 

dy{u + w, u) := min (^(rl[»,»+i«]), -^(j) - -^(rl[«,«+<"])) (1-1) 

provided < ^ where ^(y) \y'{0)\ dO is the length of y. 

Crucially using the Mobius invariance of this knot energy, Michael Freedman, Zheng-Xu He, 
and Zhenghan Wang [FHW94] were able to show that there are minimizers of the Mobius 
energy within every prime knot class and that these are in fact of class C'"'. More precisely, 
they could show that if y is a local minimizer with respect to the L°°-topology, and if y is 
parametrized by arc length, then y is C'"'. Together with a bootstrapping argument due to 
He [HeOO], one then obtains that local minimizers of the Mobius energy are smooth, also 
see [RtlO]. 

Unfortunately, motivated by numerical evidence, Rob Kusner and John Sullivan were led to 
conjecture that there are no minimizers within composite knot classes [KS97]. In contrast to 
that, there are minimizers of the energies E^"'''^ in the case that jp > 2 as shown in [0'H94]. 

In this article, we will prove that even only stationary points of the Mobius energy are of 
class C°° under the mildest condition one can think of: that E^^\y) is finite - an assumption 
which, as shown in a recent work of the first author [BlalO], is equivalent to assuming that y 
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is an injective curve of class H^{R/Z, R"). Our motivation to do so is twofold: First of all, of 
course, this is a much stronger result than the smoothness of local minimizers as stated above. 
Secondly, the Mobius invariance is not essential for proving smoothness of local minimizers 
as we do not need it in our arguments. Thus there is the chance to study other, possibly not 
Mobius invariant, critical knot energies, using the techniques developed in this article. 

The price we pay is that, instead of the very appealing geometric argument in [FHW94], 
we have to adapt some sophisticated techniques originally developed by Tristan Riviere and 
Francesca Da Lio [DLRl la, DLRl lb, DLl 1] and the third author [Schl2, Schl 1] to deal with 
|- harmonic maps into manifolds. 

The first task in order to prove this result, is to derive the Euler-Lagrange equation for such 
stationary points. In [FHW94], it was shown that for simple closed curves y 6 C'''(R/Z, R") 
and /z e C'''(R/Z, R") we have 

.£(^)(,;/,):.lim.^'"^^^^''>-^'"^^> 



T\() T 

J J ttt; — .TZ/'"" ^'^ 



R/ZR/Z 



7 \u}n KU) |y(«)^r(")F 



lr(«)-rWP 



We will show that this formula is still valid under the weaker assumption that y e H^^^(R./Z, 
R"), i.e., if for y we only assume that the Mobius energy is finite. We call a curve regular if 
there is a positive constant c - c(y) with \y(x)\ > c for all x e R/Z. 

Theorem I (£<2> € C\H^'^ n H^'"^)). The energy E*^' is continuously differentiable on the 

space of injective and regular curves belonging to H^^^ n Furthermore, ify € H^^^ is 

injective and parametrized by arc-length and ip 6 H^^^ fi the first variation 

.E'^)(y;,):.Hm^'"^^^-^^-^"'^^^ 

exists and equals 

{y(u + It)) - y{u), (p(u + w) - (p(u)) \ dw du 



2^mjj^{y'{u),>f'(u)) 



\y(u + w)- y(u)\ I \y{u + w)- y{u)\ 



where 

t/, :=R/Zx([-i,-e]U[e,^]). (1.2) 

Though the space seems somewhat artificial at first sight, it just guarantees that 

we do not use bad parametrizations of our curves. The proof of this result is similar to [BR12]. 

We will then use the resulting Euler-Langrange equation for stationary points of the Mobius 
energy to prove that these points are smooth: 
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Theorem II (Stationary points are smooth). Any stationary point y e Hi{R/Z,W) of E^^\ 



5E^^\j; h) = for all h e C°°{R/Z, R«), 
belongs to C°° when parametrized by arc-length. 

In [BR12], improving a previous result [Rtl2], the smoothness of stationary points of finite 
energy was already shown for the case of a e (2,3), instead of the Mobius 

energy. It is worth noting, that those energies lead to a subcritical Euler-Langrage equation, 
and that in some sense the regularity theory can be based on Sobolev embeddings for fractional 
Sobolev and Besov spaces. In contrast to this, the Euler-Lagrange equation of the Mobius 
energy is critical. As for well-known critical geometric equations - like the Euler-Lagrange 
equation of the Willmore functional, see, e.g., [Sim93, Riv08], or harmonic maps on "B?, see, 
e.g.,[Hel91, Riv07], - one has first to find a way to gain an s of additional regularity (via 
gaining a 5 of additional integrability) and then start a bootstrapping argument. That is, in a 
quite natural way, the proof of Theorem II is an immediate consequence of two technically 
independent steps: 

Theorem III (Initial Regularity). Let y e i/5(R/Z,R"), y' e S""', be a stationary point of 
the Mobius energy i.e. satisfying 6E^^\y,(p) = for all (p e C°°(R/Z,R"). Then y 6 C^'",for 
some a >0, and ye Hi'PWZ,^.") for some p > 2. 

Theorem IV (Bootstrapping). For some p > 2, let y e Hi-P{R/Z,R"), y' e S"-\ be a 
stationary point of the Mobius energy. Then y is smooth. 

Theorem III is proven in Section 3, Theorem IV in Section 4. While Theorem IV relies mainly 
on bringing together Sobolev embeddings and standard commutator estimates for Bessel po- 
tential spaces with techniques developed in [BlalO], some very delicate estimates are needed 
to get anything more than the critical and initial regularity //? for stationary points as stated 
in Theorem III. 

Both theorems rely on a decomposition of the first variation dating back to [HeOO, For- 
mula (4.5)] which already proved to be helpful in the analysis of the functionals for a e 
(2, 3) (cf. [BR12]) and the gradient flow of the energies for a E [2, 3) [Blalla, Blal lb]. 

For /, : R R", e > let 



i.e., any curve y e Hi(R/Z, R"] 



') for which 








(1.3) 




(1.4) 
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and 

1 h 

Tiif^g)-^ I I {f{u + w)- f{u), g{u + w)-g{u))\— ——- — \dw du. 

J J \\f{u + w)-f{u)Y 

(1.5) 

From Theorem I we deduce that a critical knot y e Ht(R./Z, R"), parametrized by arc length, 
satisfies 

Q{y, h) := lim Q^{y, h) = T^(y, h) + Tjiy, h) for all h e ^(R/Z). (1.6) 

This is the form of the Euler-Lagrange equation, we will work with in the proofs of Theo- 
rem III and Theorem IV. 

Let us conclude this introduction by remarking that, in contrast to stationary points of 
for p > 1 we do not expect stationary points of E^°'P'' to be C°°-smooth: The resulting Euler- 
Lagrange equation should be in some sense a nonlocal degenerate elliptic equation. Keeping 
in mind the regularity theory for elliptic degenerate equations, one might expect nevertheless 
that stationary points are at least a bit more regular than an arbitrary finite-energy curve alone. 
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2. Euler-Lagrange equation: Proof of Theorem I 

This section is devoted to the proof of Theorem I which especially involves the derivation of 
a formula for the first variation. 

By H^^^ we will denote the set of injective and regular curves in H^l-. The set is defined 
accordingly. First we will need the following lemma, to guarantee that E'^' is well defined on 
a H^l^ n neighborhood of the curve y: 

Lemma 2.1 {H^'^nH^'"' is open in H^'^nH^'"^). For any y e //f/^(R/Z, R") n//''°°(R/Z, R") 
there is some tq = To{y) > with 

y:={r + ^|^e//i-°°(R/Z,R"),||^'||^„ <ro}ci/;^'"'. (2.1) 

Moreover, there is a constant c — c(y) > with 

mm{\y(u + w) - y{u)\,dy{u + w,u)} > c\w\, \y'{u)\>c (2.2) 
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for ally eY and {u, w) e Uq. 

Proof. We first show that y is bi-Lipschitz. To this end, choose 6 € (0, ^) with 



VB,-b) B,-(0) 



xl/2 



u;)-r'(M)P 



d^: 



for all z e R/Z and all r € [0, 5] which gives 



^ J J \y(x)-y(y)fdxdy 

J J \x- yV 



1/2 



^riz.) B,.(Z) 

Since 1 57 Jg ^.j j'iy) di/| < 1 we deduce that 

For x,y e R/Z with |x - j/l < 26 let r := - y\ and j e R/Z be the midpoint of the shorter 
arc between x and y. Then 

\7(x) - y(y)\ = sup I <y'(f), fl) df 

oeE" J 
|a|<lB,(z) 



5 J <r'(0,r'' 



sup 

|fl|<lB,(z) 



(f) + (fl-r'(0))df 



l-infl r |/(f)-fl|df 

aeR" 2r I 



l-^-J/l 
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> j\x-y\ 

for all x,y e R/Z with \x - y\ < 26. Since y is embedded and 

My) - 7{x)\ 



(x, y) 



\y-x\ 



defines a continuous positive function on Ig :- {{x, y) e (R/Z)^ :\x-y\> 26], we furthermore 
have 

\y{x) - y{y)\ > mm — - — - — \x-y\. 
(UMh \y - x\ 

>o 

for all (x, y) e Ig. Hence, there is a cq = coij) > with 

\y(x) - y(x + w)\ > co\w\ 
for all we [-1/2, 1 /2]. Lessening cq if necessary, we can also achieve by regularity 

Ir'l > Co on R/Z. 

Letting tq := jCq we obtain for arbitrary y e Y 

\y{u + w)- y{u)\ > \y(u + w) - y{u)\ - \{y - y){u + w) - {y - y){u)\ 

> co\w\ - \\y' - r'||^„ \w\ 

> jCo\w\ 

and 

^ I /i \~f 'I ^ II ' ~'ll ^ 1 
|y I > |y I - |y -y\>co-\\y -y > jco- 



From the latter estimate we deduce by (LI) for u 6 R/Z, w e [-|, j] 

dy{u + w,u) > dy(u + w,u) > jCo\w\. 

We have established (2.2) which gives (2. 1). □ 

We will use the last lemma to prove the following theorem, from which Theorem I will follow 
quite easily. 
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Proposition 2.2. The energy E'-^^ is continuously differentiable on [hH' n H^ °°) (R/Z, R"). 
The derivative of E^'^^ atye H^^~ n //''°° in direction ip 6 H^^~ fi H^'°' exists and is given by 



6E^\y;<P) = 



2„„ ffll 1 

s^oJJ [\\y{u + w) - y{u 



)|2 dyiu + w,u)^l\\y'(u)f 



Ap\u) 



{y{u + w) — y{u), (p{u + w) — (p{u)} ■^It=o '^y+tA'^ + ") 



\y{u + w)- y{u)\ 



dy{u + w, u)^ 
\y'(u + w)\\y'(u)\ dwdu. 



(2.3) 



As y is absolutely continuous and regular, the derivative dy+j^{u + w, u) is well-defined 

for almost all (m, ui) € L^o- From (1.1) we deduce 



-t\j=i)dy+r^{u + W,U) 



l»'lX' (fS'^'(« + if =S^(rl[»,«+.]) < -2^(7), 

Id (fS' ^'(« + ^'^')) d<r if if (rl[-,,-,+»]) > h^iy)- 

(2.4) 



To prove Proposition 2.2, we will first show that the following approximations of the energy 
E^'^\ in which we cut off the singular part, are continuously differentiable and provide a for- 
mula for the first variation. For e € (0, j) we set 

Ef\y) rr I ^ J - -rr-^ — ^ I |r'(« + "^)||r'(")| du;dM. 

JJ \\y{u + w) - y(uf dy(u + w,ufl^' ' 



Lemma 2.3. For s € (0, j) the functional E), is continuously differentiable on the space of 
all injective regular curves in H^'\R/Z,W) n H^-°°(R/Z,W). The directional derivative at 
y e hI'^(R/Z,W) fi //■•~(R/Z, R") in direction ip 6 H'^I^{RIZ,W) n //'■"'(R/Z, R") is given 
by 

6Ef\y-ip)^ 



jj lllr(« + "^)-r(M)P Jy(M + w,m)2/\|/(m)P' 



{"/(m + It)) — y(u), ip(u + w) — ip{u)) ■371^=0'^^+'"'^^" 



|7(M -H w) - y(u)\ 



dy{u + w, u)^ 



\y'{u + u;)||7'(m)| diydM. 



(2.5) 
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Proof. Applying Lemma 2.1, we obtain a H'^^^ n //'•'"-neighborhood Ua c //;)/^ n //''"^ of y 
such that (2.2) uniformly holds on f/o for any element in Ue- The integrand in (2.5) is almost 
everywhere the pointwise derivative of the integrand in E^^^ . Using (1.1), one sees furthermore 
that this pointwise derivative is majorized by some L' -function. So, Lebesgue's Theorem 
permits to interchange differentiation and integration which, by a suitable reparametrization, 
results in (2.5). 

As for continuity of and SE^^^ the only difficulty is to treat the intrinsic distance. Recalling 
the continuity of the length functional with respect to absolutely continuous curves we can 
directly read off from (1.1) that the integrand of /Sg^' defines a continuous operator {H^^'^ n 
//'•°°)(R/Z,R") ^ /.'(t/J. 

Since y is regular, for any u e R/Z there are at most two points w e [-5,5] satisfying 
-S^(Tl[u,«+tti]) = k-^iy) which results in a null set in C/q. Additionally using (2.4), we see 
that the integrand of 6Ef^ gives rise to a continuous mapping (HfJ^ n //''°°)(R/Z, R") x 
//''°°(R/Z, R") — > L}{Ue). Being linear and bounded in the second component, it can be 
viewed as an continuous mapping from //'•°° into the linear bounded operators H^J^ n //'•"' 



Altogether, the integrand of /i^ ' is a continuously differentiable functional H : n //'•°° 
L}{Ue)- The statement now follows from the chain rule and the fact that the integration oper- 
ator 



Due to the fact that bounded L -sequences are not uniformly integrable, the approximations 
ii*^^ do not even form a Cauchy sequence in C°(//^^^n//''°°). In order to prove Proposition 2.2, 
we state in Lemma 2.3 that E^g'* is nearly a Cauchy sequence in C'(X^) for subsets Xs c 
//.^^^ n //'•°°, 5 > 0, which satisfy the following substitute of the uniform integrability property 




is continuously differentiable as it is a bounded linear operator 



□ 




\y'{u + w)-y'{u)\^ 



1/2 



Um sup sup 



'R/ZX[-£,£] 



difdM 



<5. 



(2.6) 



The statement involves the Lipschitz constant 



lipy E - sup 

f+f 



\E{f)-E{f)\ 
11/ -/II 



for some real-valued functional E and a subset Y contained in its domain. 



Lemma 2.4. We have 



Ef\y) ^ E^'-\y) 
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for all y E //f/^ n 

Furthermore, for any yo € //■''.^^ 0//''°° f/zere is an o/7e« subset Y C H'^^^ HH^''" and a constant 
C - C(yo) < <^ such that 

Um sup lipx,,nF(4? - 4?') < (2-7) 
/or fl// subsets Xs c //"'^^ n satisfying (2.6) w/f/i 5 e [0, 1]. 

Proof From Lemma 2. 1 we get a H^l^ n Z/^ "" neighborhood Fq c Z/;]/^ n //'•'^ of y such that 
(2.2) holds for all y e Fq- Making Uq smaller if necessary, we may also assume the existence 
of an £() > with 

dy{u + w,u) = ^(rl[»,»+-«]) 

for all y e F and w E [-so, sq]. 

In order to bring the integrand in the definition of E*^* and E^^^ in a more convenient form we 
introduce the function 

0(^,77,i?,t):= —r^^' 

which is Lipschitz continuous and positive on [c, oo)^ for any c > 0. We define for u e R/Z, 
w 6 [-eo, So] 



: (u, w) g 



1 1 

j y'.iu + 9iw) do, , j |r;(M + Oow)] dOo, |r;(M + w)\, |r;(M)| 



We have chosen Y in such a way that the arguments in Q are uniformly bounded away from 
zero. Then we decompose the integrand in the definition of Z?'^' for < sq into 



1 



1 



^ \yiu + w)- r(M)| '^r(" + ") 



\y'{u + w)\\y'{u)\ 



= Qy{U, W) 



y'{u + 9iw)d6i\'' \y'{u + 6»2iy)| dflz)^^ 

[£ Will + e2w)\ dOiJ - |X' y'{u + 0iw) dOif 



\y'(u + w)\\y'{u)\ 



= ^yiu, w)- 



JL IP (lr'(« + eiw)\\y'(u + 62W)\ - {y\u + 6iw),y'(u + 02w))) dOi d02 
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Using 2\a\\b\ - 2 {a, b) - \a - b\^ - \\a\ - \b\f- for a,b eR" this can be written as 



2&y(u, W) J 



/L (lr'(« + exw)\ - \y'{u + e2w)\f Ae, ab. 



We first use this to get 

£ 

E^'-\y)-Ef\y)<C J J Qyiu, 



/jfo IP + ^1"^) - r'(M + 02U})\^ AO, A62 



dwdu 



< C 



I! 



fI[o ir- + ^1"^) - r'(« + 02w)\^ Adi A02 

'■ z dwdu > 



which proves the pointwise convergence stated in the lemma. 
Let now < ei < £2 < £0 and set 

Using the decomposition of the integrand above, we get 

i(o,i]2 lr'(M + Oiw)- y'(u + 62W)\^ A0i A62 

l Si <\w\<£2 



F(y) 



AwAu 



/L , (ir'(M + eyw)\ - |/(m + e2w)\f ao^ A02 



dwdw 



R/Z£i<|iii|<e2 

--: lFf\y)-lFf\y). 



To estimate the difference F(yr) - F(y), we first consider 



< C 



1 1 



+ c 



1 

J (|y;(M + 0w)\ - \y'{u + ew)\) AO 



+ C\\y',(u + w)\ - |y'(M + «;)|| + C\\y',{u)\ " !/(«) 
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1 

<C J \y'^(u + 0w) - y'(u + A0 + C\y[{u + w) - y'{u + w)\ + C\y'^{u) - y'{u)\ 





We arrive at 



\Ff\yr)-F,{y)\ 

ifo 1,2 \y'M + 9iw)- y'^iu + 92w)\' d0i d02 



< 

R/Zx[-E2,e2] 



R/Zx[-£,,e2] 



ditidM 



C ||r; - y'||^„ J-^^ ^ dw dM dfli d02 

[O.lp R/ZX[-E,,E2] 

-// // 

[0,1]2 K/ZX[-£2,£2] 

|(rr + r')(M + - (y; + /)(« + 6'2w)||(r; - y'){u + Oiw)- (y; - /)(« + 6'2if) 



dw dw d^i d02 

' n2 

2E0 



< c [r;]- 1/2 ||r; - r'IL„ + c [y; + r']^i/2 K - r']^i/2 

2E2 2e2 2e2 

where we set for s e (0, 5) 



I/C..»)-/M|- ^^M 

^'^ \JjR/Zx[-£,e] I 



For the second term we compute 
iFf (rr) - Ff \y)\ 



rr Ji,ip(|r> + gi'^)|-|y;(« + g2«;)|)' deidg2 ^ ^ 

- 11 \uyAu,w) - yy{u,w)\ 2 du;dM 

R/Zx[-£2,£2] 
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JJ \0rr(u,w)\- 

<[-£2,E2] 

Ifmf \{\y> + - + 02w)\f - Qj'iu + eiw)\ - ir'(« + eiw)\f\ d^i aq^ 



+ 

R/ZX[-£2,E2] 



difdM 

— II' ' ' \\L' 

[0,1]2 R/ZX[-£2,S2] 

■|r;(M + - |r;(« + 02"^)|) + (lr'(M + ^^i^^)! - \y\u + ^?2"^)l)| 



[0,1]2 R/Zx[-£2,e2] 



r;(M + - |r;(" + 02w)|) - (lr'(M + - ir'(M + q^usA 



Aw du ddi d02 



^ c ||r; - r'IL„ [r;]J,i/2 + c [|r;| + |r1]^i/2 [|r;| 



ir \y/2 . 



''2£2 2£2 2£2 

Using the chain and product rule for Sobolev spaces and the formula 

I ,i I ,1 <rT + r'-rT-r'> 



we obtain 

'' ./I L/ 



and hence 



|r;| + Ir'l 

- |r'|J„l/2 < [\Yr\ - \y%i/2w2) ^ ^ - 7''Ll/2(M/z) 



^-f (Tr) - Ff{y)\ < c([r;]^/2 + [\y'r\ + lr'O^i/2) llr; - r'Uni/z^z)- 

\ 2£2 2£2 / 



The claim follows from 



£\0 

sup[r']„i/2 < [r']„i/2 +Ti [^'] 1/2 — > 0. 



Proof of Proposition 2.2. In order to prove that directional derivatives exist at 70 6 H 
for all directions <p e //^^^^ p, ^1,- y 

as in the proof of Lemma 2.3 and 
Xo:={ro + T^|r€(-l,l)). 
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First we observe that Xq satisfies (2.6), thus being an admissible set for Lemma 2.4. Indeed, 
fory^ := yo + Tip, \t\ < 1, 



\ JJr/ZX[-£,£] 

411 

\JJr/zx 



+ w)- y;(M)l 



dw du 



1/2 



|y'(M + w)- y'(M)P 



dwdu 



1/2 



// 

JJri: 



\ip'{u + w)- if'iut 



ditidM 



;x[-£,e] 



£\0 



0. 



(2.8) 



from which we deduce, for 
that 



|/; (T) - fL {t)\ = \5Ef^{y + W, <p) - 6Ef^(y + Tip- p) 



4f (r + {r + 9)^) - Ef^iy + Tip) Ef^(y + (r + d)ip) - Eg\y + Tip) 



< lim sup 

^liPz„nyK*-4f)lMlH3/2 

£|,E2\0 



(2.9) 



by (2.7). 



As — > fi*^' pointwise, this proves that {fe)£>o is a Cauchy sequence in C'((-to,to)) con- 
verging to E^^\y + Tip) - lims\o E^^^iy + Tip) as e ^ 0. Hence, especially all directional 
derivatives of exist and 

6E^^Hy;ip) = lim6Ef\y; ip) 

for all y E ip e H^'^. 



The next step is to establish Gateaux differentiability. To this end we merely have to show 
^^'-'(yo, ■) e (h^^~^ for yo € /^f/^. Linearity carries over from Ef\ In order to prove 
boundedness we introduce 



Xs := {y 6 H^'- : \\y - yo||^3/2 < (5) for 5 e (0, 1] 
which also satisfies (2.6) as for y e Xg we have 



(2.10) 



// 

JJr/zx[ 

''iff 



\y'(u + w)-y'iu)\^ 



difdM 



1/2 



|y;(M + w)- y[)(M)|2 



dwdM 



1/2 



(2.11) 



£\0 
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Now 

= 6Ef{yo- if) + lim (^^f (yo; ^) - SEf\yo; if)) 

and thus, arguing as in (2.9) and recalUng 6Ef \yo\ ■) e (^H^'- n Z/''")*, 

|5£<'>(ro; ^)l < mf\yo; ip)\ + limsuplip;,_,^y (4f _ £(2)) n^n^j^, 

e,\0 



< C(||^||^3/2 + II^IIh-) 

for all 70 e Z/;).^^ n and <^ e //^^^ n Z/''"". Hence, E^) Gateaux differentiable and the 
differential is given by 

for all 70 e //^^''^ n ip e //^^/^ ^ ^1,00^ 

Finally, to see that the differential is continuous, let cr > be given and let us choose S > 
and e > so small that 

iipw(4'*-4?y<c5<k 

for all fii , £2 < e where Xg is as in (2. 10). Then we have for 7 e Xg n Y and any tp E //^^- n//''°° 

|5£(7; ^) - 5£(7o; ^)| < \SE^^\y; <p) - ^^"(r; 'P)\ + l^4''(r; ^) - SEf \yo; ifi)\ 
+ \SEf\yo;ip)-SE'^'\yo;ip)\ 

^<'V£f (r; ^) - 5£f (ro; ^)l + §(^(11^11^3/2 + II^IIh.-). 

Since Ef^ is C' we deduce that there is an open neighborhood V c of 70 such that 
\6Ef\y;^)-6Ef\yo-ip)\ < |tr(||^||^3/2 + Mh^^) 

and hence 

\6E^'-\y-<p)-6E^'-\yo-<p)\ < tr(||^||^3/2 + Mh'-~). 

This proves that is continuous from H'^J^ into (h^^^ n //'•°°) and hence Zs^-* is C^{H^J' 

n//i'°°). □ 

Proof of Theorem I. Using Lemma 2.3 we merely have to derive the formula of the first vari- 
ation for a curve 7 e H^J^ n //''°° parametrized by arc-length and ip € //^^'- n //''°°. As |7'| s 1 
a. e. we deduce from Proposition 2.2 and Equation (2.4) 



5£P)(7; ^) ^ 2 rr ( ( , , I , - -\ (y'iu), /(«)) 

JJu, [ \ \y(u + w)- 7(m)|2 I 
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-2 



{y(u + w) — y(u), ip{u + w) - ip(u)} ■S^It=o '^y+Tfi^ + 
^ \y(u + w)-yiu)\'^ , 



where now 



■^I^ P dy+Tip{u + w,u) — \w\ J" (y'(u + 6w), ip'{u + 6w)) dO 



for all (m, w) e R/Z x (-5, 5). Hence, 

6E^'\y- v)^2[[ ( ( , , I , - ^) </(«), ^'(«)> 

JJ(/, I \ lr(M + w) - r(M)|- / 

' {y{u + w)- y{u), ip{u + w) - ip(u)) Jo </(" + Gw), (p'(u + 0w)) d0 



\y(u + w)- 7(m)|4 



> dwdM 



'^/X,{( lr(...)'-rMp -i^)<'-'">-^''"» 

_ / (y(M + w) - y(M + w) - (fiju)) _ {y'{u),(p'{u)} \ 1 
I lr(M + «;)-r(«)|4 tt;2 j| « 

^2 ff / (/("). <y(M + w)- y(u), ip{u + w)- y(M)) \ 



3. Initial regularity: Proof of Theorem III 

Note that if we consider the constant factors to be irrelevant with respect to the mathematical 
argument, for the sake of simplicity we will omit them in the calculations, writing <, >, ^ 
instead of <, > and -. 

Most techniques for dealing with critical partial differential equations of fractional order have 
been developed for equations on the whole Euclidean space. For that reason, we prefer work- 
ing on the real line over working on the circle. 

We will show that for every u e R/Z we have 

A^g' eL''((M- 1/20, M+ 1/20)) 

for a p > 2. Due to the invariance of the problem under shifting the parametrization, it is 
enough to show this for u - 1 /2, i.e. 

AJ^' eL''((9/20, 11/20)). (3.1) 
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Let AS = (-5^.)*^^ be the fractional Laplacian on R. Then A s e {0, 1), can be represented 
using the Riesz potential by 



J \x - 



dy. (3.2) 



In case of positive powers of the Laplacian A^ , e (0, 1), we use the corresponding formula 

A'- fix) = c, dy. (3.3) 

J \x — y\ 

For a detailed introduction to the fractional Laplacian we refer to [SchlO, Section 2.5]. 

To move from the circle to the real line, we interpret functions on R/Z as functions on R which 
are periodic with period 1. We then choose a cutoff function e CJ^(R), 77 s 1 on [-3,4] and 
consider 

g^i]-y (3.4) 

instead of y. We will show that ATg' e L''((17/40, 23/40), R"), for some /:> > 2 to conclude 
the proof. 

Before we begin to outline the structure of the proof, let us shortly recapitulate the notion of 
Lorentz spaces and the main properties we are going to use in this article. For a measurable 
function / : f2 — > R and Q c R one considers the decreasing rearrangement 

r{t):^mi[s>Q:J:\{\f\> s])<t 
where £} denotes the Lebesgue measure. We define 



Note that | ■ la^q^), \ ■ |(oo,^„) are defined for qi = l,q^ = 00, only. Furthermore, ~ 
for all ;5 e [1, 00]. If Q = R we will omit Q. in the notation. Though | • |(;,,cy),n is not a norm, as 
it does not obey the triangle inequality, there is a norm || • ||(p,^),n on the Lorentz spaces which 
is equivalent to | ■ \(p,g),n- These norms satisfy a Holder inequality, i.e., for pi,p2,p e [1, 0°) 
and qi,q2,q e [1, °°] with 1 1 p\ + 1 1 pi - lip and \lq\ + Ijqi - 1/qwe have 

\\fg\\(p.g).n ^ ll/ll(pi,?,),n \\g\\(p2,q2),n- (3.5) 

For p\,p2,P e (1, 0°) and qi,q2 e [1, o°] with l/pi + l/p2 = ^/p + 1 and l/qi + l/q2 = l/<? 
we have the Young-O'Neil inequality [Hun66] 

11/ * g\\{p,g),n ^ ll/ll(/7,,9,),n \\g\\(p2,g2).n- (3.6) 
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Furthermore, we have the Sobolev inequality 



for all s > 0, p e [1, oo), q e [1, oo] and p* := 6 [1, oo). Further information and proofs 
can be found in [Hun66, Gra08, Tar07]. 

The main reason for using Lorentz spaces in the context of critical equations, i.e. equations to 
which standard Gagliardo-Nirenberg-Sobolev embeddings cannot be applied to gain regular- 
ity, is the following fact. Although for functions / the L'-norm of A^f does not control the 
L°°-norm of /, the L^"' norm does, i.e. we have the estimate 

ll/IU < I|aViI(2,i)- 

We will also need this in the more general form 

ll/IU < l|A-'^Vll(i,i)- 

for all s € (0, 1). 

In order to prove our regularity result, we will prove a Dirichlet growth theorem for the weak 
//'^--energy of y' on balls in a manner comparable to [DLRlla, Schl2] - which are as well 
in the setting of sphere-valued mappings. In contrast to these papers, the techniques from 
[DLRl lb, DLl 1, Schl 1] deal with a more general setting, but have to work (as we will here) 
with estimates of the L-'°°-norm instead of the L^-norm. Note, that our right-hand side looks 
different from their's. In order to obtain the estimates of the norms ||A4g'||(2 oo) on small balls, 
we will have to use different arguments. 

To prove the regularity theorem, we begin with an approach appearing in [DLRlla, Schl 2] 
and divide A^g' into the part parallel to g' (and thus normal to the sphere S" ') and the term 
perpendicular to g' {tangential to the sphere). More precisely, we use that for p € [1, oo), 
q e [1, oo] 

l|A^er'||(,_^),^,. < \\{g',A'^g%p^,^,s,. + supWg'jCOijA'^ g'M (3.7) 

where the supremum is over = -ajj, e {-1,0, 1). For a detailed version of this linear 
algebraic fact, the interested reader is referred to the appendix of [DLS12]. 

3.1 . Estimate of the normal part 

We have 

{g',A^g') = ~HiJ,g',g') + ^A^gf, (3.8) 

where 

H,(a,b) := AHab) -aA^b-bA^-a. (3.9) 



18 



Note that for any s e (0, 1), we have 

A^gf^A^rf + 2AU7]'g'g) + AHW\\f) e L°°((0, 1)). (3.10) 

In fact, Aijf e L°° by interpolation inequalities. For the remaining terms we use the quasi- 
locality, Lemma A. 1, and the support of 77 and rj'. 

As in [Schll] we will use pointwise estimates for //, and some quantitative version of the 
quasi-locality to estimate the normal part of A^g': 

Lemma 3.1. For any s € [0, 5) there exists 6 > such that for any c [0, 1], A > 2 

CO 

l|A^<g',A^0')||(^,^)_^^ < ||A^g'||(2_^),^^,. + ||A^g'||p,„),B, ^ A-*-" ||Ai3'||(2_^)_g^^^ +r^-. 

k=2 

(3.11) 

For the readers' convenience, a proof will be given in the appendix. 



3.2. Estimate of the tangential part 

It then remains to estimate the part normal to g' (tangential to the sphere), i.e. for - -coji e 
{-1, 0, 1), 1 < /, j < n we need to estimate suitable norms on small balls of the term g'jtOijA^g'.. 
We have 

J g'ja>ijA-^g'i A^ip = ^ A^g] A^ [uji jg'jip) - J ^''g'i ^ij^'^g) 9 ' J ^''^'i (^ijHmWpV) 

E R R R 

= J A^g\A^[uijg'jip)- ^ A^g\ 0JijH,i2{g),ip) (3.12) 

R R 

where we have used that due to ojij - -coji the second term on the right-hand side of the first 
line vanishes. 

The second term can be estimated analogously to similar terms in [DLRllb, DLll, Schll] 
using again quasi-locality together with Sobolev embeddings. 

Lemma 3.2. There is 6 > 0, so e (0, 5) such that for all (p E C^(BrX A > 10, i e [0, s^) we 
have 

J A^g\L0ijHii2(g'j,(l))dx 

W^'^g'tlM, + l|A^0'll(2,c»),R 2 A-«(*-')||AJ9'||(2,eo)3,., 



< l|A-/2^'/Vll(^,i, 



k=l 
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A proof is provided in the appendix. 

It remains to estimate the first term on the right-hand side of Equation (3.12) for which we 
will use the Euler-Langrange equation (1.6). 

Combining this equation with the formula 



^limj j (</;(«),/»> 



w) - fi{u), f2(u + w)- f2(u))\ dw 

' —du (3.13) 



R\(-£,£) 

due to He [He99, Proposition 2] we get the following estimate which contains all the informa- 
tion of the Euler-Langrange equation we need to proceed in the proof: 

Lemma 3.3 (Essential Euler-Lagrange equation). There is a constant C < oo such that 

J {A-^g',A-*^) <C J \<f>(u)\r(u)du + CUiy (3.14) 

for any <p E C;;°((4/10, 6/10), R") with (0,y') = where 

1/4 

Y{u) - f f ~ g'(" + ■^2"^)! Ig'^" + ■^3w) - g'{u + saw)Y 

J J |wF 

(-1,1)3-1/4 

The heart of the proof of Theorem III is the following pointwise estimate of the term r{u) 
which afterwards will be transformed into a bound of its L' -norm. 

Lemma 3.4 (Key-estimate of F). We have 

r(u) < |a"^|A5 0'|(m)|" A"S|A50'|(m) + A^^IA^^'Km) A"5|A-s|Aig'|(M)|^ (3.15) 
almost everywhere. 

Lemmata 3.3 and 3.4 are the essential new estimates in this article. Using these and the 
above mentioned improved Sobolev embeddings for Lorentz spaces, we are ready to prove the 
following estimate. This will then allow us to prove a Dirichlet growth of the L^ °°-norm of 
A-4g'. 

Lemma 3.5. There exist R > 0, sq e (0, ^), and cr > such that for any A > 2, i € [0, sq), 
Bhr c (^, ^), r 6 (0, K-^R) and e C^(B,) we have 



I 
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V k=2 

3.3. Conclusion of the proof of Theorem III 

Combining Lemma 3.5 with Proposition A. 3, we get 

\\Ai{g'^cauA'^g'j}\\ < + ||A^ + HA^^'Hp^^^^^ V A-«»-'> ||A^ 

CO 

+ r-;^A-«(*-')||Aig'||(2_^,^^^_ (3.16) 

k=2 

for some > uniformly in A. 

Let us first use this for 5 = 0, to get in view of (3.7) and Lemma 3.1 that for all e > we have 
for sufficiently small r > 0, c (^, -^) and big enough A 



r^ + s ||A^g'||(2_^)3^„ + (1 + ||A^9'||(2_^)_j,) £ A-«(*-') \\A'^g\2,^^^B,,^ 



k=2 



l|A^0'll(2,oo),B,. < C 
uniformly in A and e. 

Let us fix such an ro, and consider the above equation for r - A~*^ro (w.l.o.g. ro - 1). Setting 

bd :- ||A4g'||(2,oo) and bk := ||A4g('||(2_cxj),B^_i- the above estimate for any k eN reads as 

A--* 2 A-«(*-%. 
/=o 

Using the iteration argument. Lemma A. 8, leads to 

l|A^9'll(2.co).B,. <Cyr* (3.17) 

for all BAr c (^, ^), r e (Q,R). In fact, (3.17) holds for all Ba,(xo) with xq e (^, ^) and 

r > with a constant C depending on dist (^xq, ^|). To see this, consider a given compact 

set K c (^, ^) and xq € iT. If BAr(.J:o) c (^, ^) then (3.17) holds for r < by the iteration 
argument. If r > R we also obtain (3.17) where C additionally depends on R. If, however, 
BaAxo) then r > Ro(K) for some RoiK) which again leads to (3.17). 

This immediately implies Holder regularity of the solution g'. Instead, let us iterate the above 
argument to get ATg' e Lj^^((4/10, 6/10)). 

Let us assume without loss of generality that cr < |. Then, plugging (3.17) into (3.16) one 
obtains 

WA^{g',u,A^g'j)W^^^^^^^^ < C^.y.s.R r-"'--'^-' 
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for small enough s > 0. We are interested in this inequality for small ^ > and 6 :- 
minlcr, d-,d- - s] > 0. 



On the other hand, (3.17) and (3.11) together imply for any small enough r > 0, B, centered 

-10' 10'' 



within K cc (^, ^), setting A:- r i 



(3.17) , 

< Cy[r'' + r-). 

That is, Ai(g'.a>ijA^ g'j^, and A^{g',A^g') both belong locally to a Morrey space J^i^'f''^ on 
("R)' "R)-*- More precisely, for some /I e (0, 1) we have 



10 10 

(f.ooM, 4^ _6_ 
10' 10' 



The boundedness of Riesz potentials on Morrey spaces, as shown in [Ada75], imply that for 
some p > 2 

4_ 6_ 

To' 10' 



g',aj,jA^g'j, (g',A-^g')eLli-,-). 



Together, using (3.7), we have shown 

which finishes the proof of Theorem III. □ 

3.4. Essential Euler-Lagrange estimate: Proof of Lemma 3.3 

The main idea is to use <p as the derivative of a test function for the Euler-Lagrange equation. 
Of course this is not possible directly, but after some precaution we can actually do it. For 
(^eC^((4/10,6/10)) we set 



u) :- J" <fi(u)dv — I 



where a - Jy (f>{v)dv is chosen such that h{Q) - h(l). Hence, if we set 

h„{k + f):^h{f), Vf e [0, l),feeZ, 
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(^„{k + t) -.^ (Pit), Vf 6 [0, l),/t€Z, 

h„ is a smooth one periodic function satisfying 

and, as we assume in Lemma 3.3 that {(p, y') = 0, also 

<0.,r'>^o. 

Since y is a stationary point of the Mobius energy, testing the equation (1.6) with h,j, (recall 
(1.4),(1.5),(1.3)) 

e(r, h„) := Hm Q,(y, = Ti{y, + T2(y, h„). (3.18) 

e— >0 

As (fi„ is perpendicular to y' we can estimate the term T\ (y, h„) by 

1 1/2 

Tiiyji.)^ r r {y'{u),Uu)-a)( \ --^ - ^) 

J J \lr(M + iy)-r(M)p uj2y 

-1 -1/2 

< |fl|£<2>(r) < C||0||i, <C||0||i.. (3.19) 

As for the remaining terms Q{y,h„) and Tiiyjin), we will identify them essentially with 
the left-hand side of (3.14) and the T-term on the right-hand side of (3.14), respectively. A 
technical detail one has to take into account here, is that the domain of (3. 18) is the torus R/Z, 
whereas the respective domain in (3.14) is the real line R. To estimate the other terms, let us 
introduce for /i , /2 E Hf^^(R, R") the operators 

Qeifljl) I I </i(m), /2(m)> —2 1^ 

r r r r[{f[{u),fo{u))-{f[{u + siw)j!^{u + s2w))) 

— \ \ \ \ n dsids2dwdu, 

4 

where 4 [-1/4, 1/4] \ [-e,e]. 
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and 



Tiifufi) 

1 1/4 



J J ^/i*^" + w)- /2(m + w) - /2(m)> I , ^ — 777^ - 7^ |(iu; 



-1/4 
11/4 1 1 



lr(« + «;)-r(«)|4 M4 



-1/4 

(3.20) 

Recall that [-\, \]\{-s,e) is used for the definition of Q and 4 := [-1/4, 1/4] \ [-e,e] is 
used for Q, so the difference only contains the set where \w\ > |, thus \w\^^ is not a singularity. 
Quantitatively, this reads as 

\Q(7,h) - Q(7,h)\ + \f2(y,h) - T2(y,h)\ < CWj'Mlh'iy < C\\yM\<ph2, (3.21) 

where we have used that y is bi-Lipschitz in order to deal with T2- 
We now compute 

1 1 1 



Qe(7,hn) ^ J J J J ((/(«), - (/(« + siw),h'„{u + S2w))) Asi d^2^ du 

4 
1 1 1 

0400 
1 1 1 

~J J J J" ({y'(M), a) - {y'(M + iiiy),fl)) dii dia-j c^M (3.22) 
0400 
1 1 1 

~ J" J" J" ^((i?'(m)' 0(")) - {^''(w + ■sitt'),0(M + 52'^))) dsi ds2— c^M. (3.23) 

0400 

Here we have used that y'(M + w)du - for all w, i.e. the term (3.22) is constantly zero for 

any w. The term (3.23) essentially is the L -pairing of A*g' and A^^: More precisely we will 
show 

\Q(7,h.) - J A''g'A''<P\ < CyWm. (3.24) 



24 



Proof of (3.24). Using (3. 13), we have for any fijie C^{9.) as e ^ 
J aVi'aV> + o(1) 



1 1 



= / J"J"(</i'(M),/2(M)>-</i'(M + iiiy),/2'(M + i2(^)>) dildi2i^^^M. 



(3.25) 



R\[-e,E] 



We now connect and (3.25) and (3.23). The technical problem is, that the integral of ^ is not 
a feasible test-function for (3.25). Let therefore for 77[_io,io] 6 CJ^((-1 1, 1 1)) and 77[_io,io] = 1 
in [-10, 10], 



II v-^ '7[-io,io] 



e C,7(R). 



Thus, 1^ is a feasible test-function for (3.25), which 4> is not. Moreover, 

// u 

, t r supp0 , f 

<A = '7[-io,io]0 + ?7[_io,io] J 'P = + '7[-io,io] J ^ 



(3.26) 



We thus arrive at 

1 1 1 



supp 0, |(f;|,(3.26) 



QeiyJif^^^^J J J J i{g'(u), ^(u)) - {g'(u + siw),(f>(u + S2w))) dsids2-^du 
4 

1 1 

J" J" J" ^ "A'C")) "~ (^'C" + ■^1'^)' l/''(w + ■S2w))) dsids2— du 

R 4 
1 1 

^ I I II '^''^"''^ -(g'(u + siw), iff'(u + S2w))) dsids2^ du 

R R\[-e,£] 

1 1 

~ I I I J" '/''(m)) ~ (g'iu + siw), tff'iu + S2W))) dsi di2— du 



\w\>\ 

1 1 



~ J" J" J" J" iiil'^'^^' ^/^'(u)) — (g'(u + siw),iff'(u + S2w))) dsids2— du 

R |u,|>i 
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(3.26) r.i , .i,, 



1 1 



~ J" J" J" J" ^^^'^^^^ IA'C")) ~ Wii' + iA'(m + siw))) dsi ds2— du. 

R H>i 

+ o{\). 

Now, by usual interpolation and/or imbedding of Sobolev spaces, see, e.g. [Tar07, SchlO], 

l|AVll2,R^II/ll2,R + ll/'ll2,R> 

we have 

-10,10] I ^)ll2,R ^ ll^lll 



SUpp0 



Moreover, 



1 1 

R |„|>i 

J \w\-^ Wg'lWh 



(3.26) 



II3'II2,r(II'^IIi,r + II'^II2,r) 



supp g 

Thus, we have shown that (3.24) holds. 
To estimate fxiy, h) we calculate 

11/4 1 I 



tiiyji)- J J J J {y'(u + siw), (f>„{u + S2w) + a)up-- 



-1/4 



— J \dsi ds2 dw du 

l|4 I7/1I4 I 
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11/4 1 1 



J" J" J" J" {y'(.u + siw), cf>(u + S2w) - <p(u + siw) + a)w^ 



-1/4 

1 1 

\y(u + w)- r(M)|4 " hF 



dsi ds2 dw du 



and using 

Y Y \ ..4 ( 1 \y{u+w)-y(ut \ 



|y(M + lo) - y(M)|^ \w\'^j |y(M + id) - yCM)!"* 
< C 



_ \y{u+w)-y{u)\- 



1 1 

err \y'{u + s-iw) - y'{u + s^w)'^ 

r ds^ dS4 



UP 





we get 

7(2) r 



\T2ijJi)\<\a\E'"(7) 

1 1/4 

\y'{u + siw) - y'(u + S2w)\ \y'(u + s^w) - y'{u + i4u;)r \^{u + S2w)\ , , , 
dsdw du 

-1/4(0,1)4 

1 1/4 

< CII0II ' + J J J |y'(M + ^iw) - y'iu)\ ly'ju + s^w) - y'(u + ^40;)^ l'^^")! ^^^^^ 

-l/4(-l.l)3 

(3.27) 

From (3.21),(3.19),(3.24), and (3.27) one gets the claim, since y' = g' on [-1/4,5/4]. 



3.5. Key-estimate of T: Proof of Lemma 3.4 

Let 

F(M):=|A^g'(M)|. 

Since g',A^g' E L?, we obtain 

g'(x)-g'(y) = A-^A^ 9')(x) - A-^A^ g'(f/)) 
= k-^r'+U^g'(^)£/^- J A^9'(f)flf^j, 
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then 

\g'(x)-g'(y)\< J \\^-x\-'^^- -\^-y\-'^^F(^)d^, 



and hence 

1/4 



r(M)< J J J F{^i)F{^2)F{^i)k{^,u,s,w)dwd^ds, 

(-1,1)3 J.3 _i/4 

where for almost every s = (ii, ^2, ^3) e (-1, 1)"', ^ = (^1,^2,^3) e R^, lo e R, m e R, 

m(^i -M,0, si,u;)m(^2-M, ^2, ^3,if)m(^3-M, 52, «3,w) ,0 ^on 

m, s, w) (3.28) 

and 

m(a, s,t,w) :— \\a + sw\^^ - |fl + top 2 1. 

The characteristic behavior of k is as follows: The factors m(-, ■, ■, w) will behave like in a 
neighborhood of u; = such that they somewhat absorb the singularity of w^~, i.e. k becomes 
integrable around w = 0. More precisely, we will derive the estimate 



J" k{^, u, s, w) ds 

[-1,1]-' 

1 

< - Yj - «r'''"' r - M + tw\-'l^-' At (3.29a) 

(tr(2),i(3))e{(2,3),(3,2)) 
1 

+ |u;|^''"^|^i - u\-^l^-^ J 1^2 -u + top tw\-^/--^ dt. (3.29b) 

-1 

We start with some abstract treatment of m. 

In case 1, max Qa + siv], \a + tw\) > 2|i - t\\w\, (3.30) 

we obtain 

\a + sw\ x \a + tw\. (3.31) 
Applying the mean value theorem, for any 5 e (0, 1 ) we arrive at 

m{a, s, f, w) < max (|fl + swf^'^, \a + fifl'^^^) I* - t\\w\ 

< max (ifl + sw\-^'--\ \a + tw\-^'--^) max (|a + sw]-^^'^, \a + tor'+'') 1^ - t\\w\ 

*^<"max [\a + sw\-^'^-\ \a + tof'^^"*) \s - tf \wf 
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min (|fl + sw\-^^^-\ \a + twl^'^-^) \wt . (3.32) 



In case 2, max {\a + sw\, \a + tw\) < 2\s - t\\w\, (3.33) 

we immediately obtain 

m(a, s, t, w) < max^lfl + sw\^^^~, \a + top'^') 

< max (|fl + sw\-^'^-\ \a + top '^^"'^) 1^ - tf \wf. (3.34) 

We begin with the first factor in (3.28). In case 1 we always have 

m(^i - u, 0, suw)< 1^1 - u\-^'^-^\wf. (3.35) 

In case 2 we have either \^i - u + siw\ > jl^i - u\ which immediately results in (3.35) or the 
opposite 

\^i-u + siw\< j\^i-u\ (3.36) 

which leads to 
1 

.1-1/2-^ d^i 



J X\^,-u+stw\<\^,-u\m(^i - M,0, ii, i(;)dii < \wf J -u + siw[ 

-1 |fl-H+.S|l«|<|fl-H| 

<\wf-' J \cr\-"^-'dcr (3.37) 

|o-|<lfl-"l 

<\wf-'\^i-u\"^-' 

(3-38) 1/9 A A , 

<\^i -u\-^'^-^\wf for5 6(0,i). 
Here we made use of the fact that, given case 2 for a :- - u and (3.36), 

\a\ < min (\a + sw\ + \s\\w\, \a + tw\ + \t\\w\) < min (\a + sw\, \a + to|) + \w\ 

(3.36) , 
< 5|fl| + N, 

implies 

|fl|<2|u;|. (3.38) 
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Applying (3.32) and (3.34), we arrive at 

J" k{^, u, s, w) ds 
[-1.1]-' 

< liol'^^^l^i - Mp'^^"''^^ m(^2-u,S2,S2,w)m(^2-u,S2,S3,w)ds2ds3 (3 39) 

< \w\''-^\^, - U\-''^-' JJ^ ^ fi2 (|^2 - U + S2W\-"^-', - M + ^3^"'^'"') ■ 

■ fX3 (|^3 - M + S2W\-''^-\ 16 - M + S3W\-''^-') dS2 ds^ 

where 

fii = fij i^i - u, S2, s-i,w) 6 {min, max} , i -2, 3, 

depending on the respective case. If case 1 holds for at least one of the two factors in the 
integrand, say the first one, we may choose the argument of 

//2 (ift - U + S2W\-'^^-', \^2-U + S^WV'I^-') 

which contains the same integration variable as the second one. This results in terms of 
type (3.29b). If, however, case 2 applies to both factors, the integral in (3.39) is bounded 
by 

rr - M + S2w\-'i^-' + \^2 - M + ^3^"'^'"') • 

JJ[-1,1]2 

■ (|6 - M + S2wr^^^-^ + 16 - M + iji^r'^^"*) ds2 ds3. 

Expanding the integrand, the terms |6 - m + Siw\^^^^^^\^2 - u + i,u;p'^^"*, / — 2,3, lead us 
to (3.29b). For the two remaining terms we may separate the integrals which gives 

1 1 

^ r \U2)-U + S2W\-'l^-'dS2 r - U + SiWV'l^-' ds^. 

W2),i(3))e{(2,3),(3,2)):{ 

One integral is kept in order to arrive at (3.29a), the other one is treated analogously to (3.36) 
and (3.37). In order to estimate Yiu), we obtain thus for 61,62 6 (0, \) 

J J F(^i)F{^2)F(^3)k(^,u,s,w)dsd^ 

R3 (-1,1)3 



/ 

-1 

1 

+ J \w\-^^^^^-^^A-^Fiu) \A-^Fiu-tw)\^ dt, 
-1 



^|-l+(35-l)|^-J-P^(j^-)|2 _ fu,)df 
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which implies 



r(M) < 



<5e(j,l) 



1 

J J f--^^ \w\-^^^^^-'''^\A-'-^ F{u)\ A-^F(u - w) r' dwdt 

-1 B) 
1 

-1 w 

W 

+ J \wr^^'^^-^'A'^F(u) \A-^F(u-w)\^ dw 

W 

1-2S 2 4J-1 1-21^ 3g-l 1-26 2 

X \A—rF(u)\ A-—F(u) + A-—F(u)A-—\A-—F(u)\. 
Setting 5 := ^, this is (3.15). 

3.6. Right-hand side estimate: Proof of Lemma 3.5 

Plugging together (3.12), Lemma 3.2, Lemma 3.3 we get for small s and cr > that 

^IML Iir|ii,5,. + ||A-U^^||(^_i)- 

CO 



k=2 



By the estimate of T from Lemma 3.4, for F := lA^ g^'l, 

lA^^FII^ A--^\F\ + A-ii\F\ A--» [\A-^^\F\\^^ 



< &\\\A—^\F\\\ +\\A--^\F\\\ 

III ll(6,co),B, II ||(^.co),B, 



where 



©:= A-^F| I ^ + 

II ll(f,2),B. 



A—^ 



(lA-^Fll') 
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Observe, 

l|A-^7^||(6,») < |F||(2,oo) 

iiA-AFii(n_2) 5 \\n\2, 

and because ^ + + | = 1> 

W^^FW^R,, ^ \\F\\i2,,), 
\\A-^A-T.F\\n ,^ < IIIA-^Flld i) = |||A-Af|||(^_2) < IFII2. 

Consequently, is uniformly small, if r is small enough. In order to conclude, it only remains 
to apply Lemma A.2 to / := \F\. □ 



4. Bootstrapping: Proof of Theorem IV 



In Theorem III we have shown, that A^g' e U' for some p > 2. We now work with Bessel- 
potential / Sobolev spaces H'-'i, cf. [RS96, Tar07, Tri83], and the fact that A^g' e W readily 
implies that g' e H^- P for some p e (2, p). The proof of Theorem IV relies on the decomposi- 
tion of the first variation 



5£(^'(r,/,) = iim rr f <y(" + '^)-r(«XM^^ + 



w) - h{u)) _ {y'(u),h'(u)) 
)F \y(u + w)-y(u)\^ 



dwdM, 



Us as in (1.2), into 

2{Q{y,h)-Ti{y,h)-T2{y,h)). 
For a stationary point of the Mobius energy we have 

Q{y,h) = T{y,h) T,{y,h) + Toiyji) 

for all h € H^'\R/Z, R"). 

Let us bring these terms in a common form. Using 



1 



1 



/ -■ _ |y(»+m)-y(»)|° \ 



\y{u + w)- yiu)]" \y{u + w) - y{u)\" 

I y{u + w)- y{u) 



w 



2 _ 2 M£±;£t2l;ilt ^ 

\w\- 
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W) - 7(u)\ I \y{u + T\W)- y'{u + T2W)P 



\dT\dT2 



where 



1 1 - kr 



2W 1-kP 

is an analytic function away from the origin. We hence get 

1111 



ri(r,/j) = - //// K.S2,r,,TSh)dTldT2dsidS2 


1 1 

T2(y,h)^ J J Tlf^ ^^ ^^_(h)dTidT2 







where 

1 1/2 



w)-j{u)\\y{u + TlW)-j'{u + T2W)\^ 

z 7 (m + siwjh (u + S2W)dw du. 



-1/2 



In the rest of this section, we will derive some estimates for the linear operators T"^ that 
do not depend on si, S2, ti, and T2- 

For this task, we will work with the Besov spaces ^. Given s e (0,1) and p,q e [ 1 , oo) one 
way to define the norm on these spaces is to set 



f 1/2 

/ 

^rl/2 



(Lzi/(«+"^)-/(«)H 



i/p\ 



|u;|l+.'9 



1/9 



dw 



and to put 

ll/lk, :=ll/llL- + l/k,. 
The Besov space fi^^(R/Z, R") then consists of all functions f ^ U with < oo. 
Apart from this definition we just need the Sobolev embedding 



p p 

The proof relies furthermore on the following Leibniz rule for Bessel potential spaces. 



if i < 5 and s — j-^ > s - i which can be found in textbooks like, e.g., [RS96, Tar07, Tri83]. 
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Lemma 4.1 (Fractional Leibniz rule [CM78]). Let f e H'-PiR/Z, R"), g e //■''^(R/Z, W) with 
s >0, p e (l,oo),^ e (!,'»] and l/p+l/q-l/r. 

Then fg E //'•' (R/Z, R«) and 

\\fg\\H'.r <C(\\f\\H^A\g\\u, + \\f\\D'\\g\\H'.). 



The key to the proof of Theorem IV is the following lemma. 

Lemma 4.2. Lety e //5+A.9(R/Z,R"), and /3o > /3 > 0, p e (l,oo) be such that Pq ~l/q > 
/? - 2^. Then for all ti, T2, ii, e [0, 1] the function 



-1/2 



- r(«)\ lr'(« + Tiic) - /(m + T2w)\- 

y (u + siW)dw 



is in H^'P. Furthermore, there is a constant C < oo depending on \\y\\H^r-+iia-'i and a, but not on 
T\,T2, and Si, such that 

WgWHf p < C. 



Proof Note that 



1/2 

-1/2 



dw 



where 



Using that 



^ I y(u + w) - y(u)\ , 



y'{u + siw)\y'(u + tiw) - y{u + T2w)\ . 



1 

u + w)- yju) r . , 

= \ y (u + Tw)dT, 

w J 



that y is bi-Lipschitz, and that G" is analytic away from the origin, we get 
-.a hi- + w)-y{-)'^ 



< ciiriiH^..,» < c. 



Using the fractional Leibniz rule (Lemma 4. 1), we derive 



\\y'\y.A\y'{-+Tiw)-y'{- + T2w)\\' 



+ WYWl^lYi- + Tiw) - y'(- + T2u;)||H/>,2„||r'(- + Tiw) - y'(- + T2w)\y,^ 
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Hence, 



• ToW) 



< C(||r'(- + T,u;) -/(■ + • 

+ ||A^y(- + Tiw) - A^r(- + T2u;)||^,,). 



1/2 

\\g\y.r <C j 

-1/2 



\\y'(- + Tiw)-y{- + T2w)\\l,„ 



dw 



1/2 /j+l , 
r ||A 2 y(. + Tiw) - A 2 r(- + T2«')ll^2„ 

+ C I 7 fliy 



/ 

-1/2 

< C r i^dw 



I 

-1/2 



+ C 



1/2 £+1 



/ 

»^l/2 



||A-7(0-A-r(- + (T2-Ti)«;)||^,„ 



dw 



<C\T2-Tl\ 



1 

/ 



llr'(-)-/(- + «^)llL 



w 



r\\A'^y(-)-A'-^y(- + w)\\l, 
+ C\t2-ti\ I dw 



if 



1 1 
y6o-- >/S-— . 
q 2p 



This proves Lemma 4.2. □ 
We use the last lemma to prove 

Corollary 4.3. Let y,/3o,/S,p and q be as in Lemma 4.2 and p' be such that l/p + l/p' — 1. 
Then 

• for all a > there is a constant C such that 
for all si,S2,Ti,T2 e [0, 1] and h € C°°, 
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the operator T(y,-) = ^1(7,-) + ^2(7,-) 6 (//^/^(R/Z, R"))* can be extended to a 
bounded operator on H^^^'P . 



Proof. For h e C°°(R/Z, R") we have 
I I I 1 



r(r,/!) = -J j j j T^^^,^_j^,sh)dsids2dtidt2 + j j TlQ,^jh)dtidt2 
0000 00 

and hence the second part is an immediate consequence of the first one. 
Let A* := (id -A)5 . Using that is self adjoint, we get 

1/2 

■ w) - y(-)\ \y'{u + Tiw) - y'{u + T2w)P 



-1/2 R/Z 



y'{u + s\w)h'{u + S2w)dudw 

1/2 



^ J {APg,){u){K-'^h')(u + S2w)dwdu 



R/z-1/2 
and hence 

L. 4.2 

F.s,,.9,,T,,T,(/i)l < C\\g\\HNA\h\\[ji-ii.p' < C\\h\\fji-n.p' 
where C < 00 as in Lemma 4.2 does not depend on on si,S2, t\ ,or T2. □ 

Using the two statements above, we are led to the following fact from which Theorem IV 
immediately follows. 



Lemma 4.4. Let y e H^'^+I^'>'''(R/Z,R"), /3o > 0, q < co and (3o - j, > -1/2 be a stationary 



( f - ^ 

point of the Mobius energy parametrized by arc length. Then 

• ifPo = 0, we have y e H' for all s < 3/2 + 2(1/2- I /q), 

• ifO < A) < 1 /2, we have y e H' for all s< 3/2 + 2(y8o + 1/2-1 /q), 

• ifPo > 1/2, we have y e //3/2+/Jo+i/4_ 

Proof. We set 

/3 = 0, ! = -+£, if/?o = 0, 

P q 

/3 = 0, - = --2y6o + e, ifO<y8o<l/2, 
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y8=A)- 1/4, 



- = 1/2, 
P 



if A > 2 



and see that in each case the exponents satisfy the assumptions for the last lemma for all small 
enough e > 0. 

From the last lemma we get that for p' with ^ + ^ = 1 the functional T(y,-) - Ti(y,-) + Toiy, ■) 

can be extended to an operator in (//'"^'''') c (H^I^-^lp'-Py , 

From the fact that y is a stationary point of the Mobius energy we then deduce that 

and a comparison of the fourier coefficients gives 



yeH 



3/2+/3+- 



Since 



3/2+;S+ — =5/2+/3-- 
/y p 



3/2 + 2(1/2- l/^)-e ify6o = 0, 

3/2 + 2OS0 + 1/2- l/^)-e ifO </?()< 1/2, 

3/2+^0 + 1/4 else, 



this proves Lemma 4.4. 



A. Appendix 

In this section we gather some parts which can already be found in [Schll] in slightly different 
version. The main aim is to prove Lemma 3.1 and 3.2 which both rely on quasi-locality of the 
Riesz potential. Afterwards, we give an easy proof of the iteration lemma needed to deduce 
Dirichlet growth. 



A.1. Quasi-locality 

The essential tool apart from Sobolev inequalities is the following quantitative version of the 
quasi-locality of the fractional Laplacian and the Riesz potential. 

Lemma A.l (Quasi-locality). Let pi, P2,q\,q2 e [1,'^], where we assume that qi — \ if 
P2 - ^, s & (-1, 1) and Qi,Q2 be disjoint domains with d :— dist(f2i,Q2) > and with 
positive and finite Lebesgue measure. Then 
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Recall that || ■ Ha,^,), II • ll(oo,^„) are not defined for pi > 1 and poo < ^■ 
Proof. For k,(z) = i^Xv.\bA^) we have for all x € Qi 

and hence 

|A^/-/WI < ||/||i,nJ|fe.lU < £/-'-^||/||i,n,. 

Hence, 

l|A'^Vll(p„^,)A < IQir^'^'IIA'^Vlkn, ^«'"'"'l"il'^'"ll/lliA 

<fif-'-'iQir/'"in2r-'/'^^ii/ii(p„,,),a. 

□ 

An quite immediate consequence of this quasi-locality and Sobolev imbeddings is the follow- 
ing lemma. To state it, let 

^A,;- ^A'+V - ^A'r- (A.l) 

Lemma A.2. Let p e {l,oo),q e [1, oo], s e [0, l/p) and -y = s - K We have 

l|A-^/||(p.,,),B, < ll/ll(p,,,B., + 1; (a-^-)^ II/II(p,,),al 

k=\ 

uniformly for all A > 2. Especially, 

l|A-^/||(,.,,,ii,.<;^(Ai-*)"* ||/||(,,,),B,.,.. 

k=\ 

Proof. Since the inequality trivially holds for s = let us assume that s > 0. We decompose 
/ - XBArf + Hill AfA^ / ™d estimate using Sobolev's inequaUty 

and using Lemma A. 1 

l|A-^^-0r4,./)ll(p.,,),B. < (A-*)>||/||(,,„,^.^ 
which finishes the prove. □ 
Finally, we use the quasi-locality to prove 
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Proposition A.3. For p e (1, oo), q e [1, oo], s,t >0 with i + f < 1 there is a > such that 
we have for any f e L'^'^CR), A > 2, and r > 



\\^-f\\{pS.Br ^ sup 

cpeC^(Bf^,),\\A-"-^\\,„,,i,,<l 



(f + r "A 



\\p.q\ 



ll(A9),4 



1=1 



Proof. Assume that 



sup 

;ceC~(BA,),||A-'/24c||,^,,,, 



/ 



/A-^ < K. 



For g € C^{Br) we consider 



Ar 

For the first term we use a smooth partition of unity t/a with supp 770 c B^,- and supp t/a c 

5(A» + l)r - 5(A'-l)r tO get 



Br ^ R 

00 

^llglloy.,') + ll/ll(p,„;B,. X 11^^'"^^' {Vl^"''g) \\(P',q'y,Br- 



Since by Lemma A. 1 we have 



||A<'-''/2^,A-'/20||oy,,o;B,.<(A''-)-'-'-Vi/'^'(A'r)'-'/'^'||/7,A-'/23l|(^,,,) 
<{A')-'-^-'"''r-^-'\\A-'l^g\kp,,,,^ 

we can estimate this further by 
for 6*1 = r + 5 + 

Since supp gcBrWe get a scaled Poincare inequality by applying first the Sobolev and then 



the Holder inequality 



^ 177+1 ' J ' 



and using the quasi-locality (Lemma A.l) once more 



m\p'.q'- 
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1=1 



\\g\\p',q'. 



for 6*2 = s+l/p'. 
Hence, 

R ^ l=^ ' 

for = min{0i , 62] which by duality this proves the proposition. □ 

A.2. Proofs of Lemmata 3.1 and 3.2 

The following lemma is the starting point for the estimates of Hs and essentially follows from 
the mean value theorem or a first-order Taylor expansion. 

Lemma A.4. Let 6 e [0, 1], a e (0, 1). Then for almost all x,y,^ e R" we have 

\\x - ^r'"" -\y- ^r'"'1 < l-v - yf [\y - ^V'^"-' + \x - ^r'"«-'^;rix-,|>2|x-fi) . 
Proof. If \x-y\> 2\x - ^\ we get 

\y-^\ > \y-x\-\x-^\ > \\x-y\ > \x-^\ 

and hence 

|k - ^r'^" -\y- < k - ^r'^" < - yf\x - ^\-'^"-'. 

If \x - y\ < 2\x - ^\ we first observe that the above argument leads to 

\\x - ^r'"" -\y- < ix - yf\y - ^r'^"-' 

if \x-y\>2\y-^\. 

To deal with the case that both |x - i/| <2\x - ^\ and \x - y\ < 2\y - ^| we observe that then 

|{/-^|<|x-^| + |x-;/|<3|.^-^|. 

Hence, we get using the mean value theorem 

\\x - ^r'^" -\y- ^r'^'l <\x-y\ max {|x - ^\-^^", \y - ^r^^"} 

Klx-yWy-^r'^" <\x-yf\y-^\-'^"-\ 

□ 

We use the lemma above to derive the following pointwise estimate for i/i/2+s. 
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Lemma A.5 ([Schl 1]). For i e [0, 1 /2) there exists sq > such that for functions a, b, 

_ i 1 11 
a- A ^A^a and b-A *A^b, (A.2) 

the following holds for any e 6 [0, eo)- 

\Hi/2+s{a,b)\ < A-'/'-+-'^^(A-i/'2+./6+£:|^-f^i^| ^-i/i2+./6+£:|^-f^i^|^ 
+ A-^"'^'''^^'=\A-iA-*a\ A-^'^^^''"'^'=\A-iAh\ 
+ A^'/'^+'/^+^IA^Uifll A-^'^^''^^'=\A-^-Ah\ 

+ A-''"^+-'/4+£|^-f ^1^1 ^-l/8+./4+£|^-f 

Equation (A.2) is satisfied, e.g., for compactly supported smooth functions a, b. 

Proof. We use a - A"5 A?(A"^ A^a) and b — A^^ A^-{A^^- A^b). For simplicity assume now 
e = 0. Then, 



\Hii2+s{a,b)(x)\ 

J J J ^ |^_,|i;(i/2..) U-.aiz)Aib(w)dwdzdy. 



Applying Lemma A.4 we get 

{\y - z\-'^"^ z\-'^"^) {\y - «;r'+'/2 - |x - w\-'^''^) 

^ {\y - w\-'-''^-^ + \x - »;r'^'/^-^;t|.-,|>2|x-M) {\y - z\-'^'''-' + 1-^ - z\-'-"'-'xi.-yi>2i.-,^ 

~ \X - y\i + U2+s-26 

ly - w\-'^''^-% - z\-'^"^-' + \x- w\-'^'/^-% - zr'+'/^-'^ + \y- w\-'^"^-'\x - zl-'+'Z^--^ 

|x-„^|-l + l/2-^|^-^|-l + l/2-^ 

y\M/2+.s-26 X\x-ij\>2\x-w\ ■ X\x-y\>2\x-z\- 

For (5 = 1/3 + 5/3 we hence get 

\Hi/2^M,b)\ < A-1^12+./6(^-l/12+./6|^i^| A-l/12+^/6|Ai^|) 
+ A-l/12+./6|^i^|^-l/6+s/3|^i^| 

+ A-'^*'+-'/^^|A5fl| A-'/'2+j/6|a|^| +^ 

where 

^ ^ J J J |y_^|i+i/2+.;-2a X\x-y\>2\x-w\ ■ X\x-y\>2\x-z\\^* a{w)\\A* b{z)\dydwdz 
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^ J J \x-w\-^^^'^-''\x-zr^^^'^'''M''a(w)\\Ah(z)\dwdz 



To estimate this further, we will use the following fact about lower order products which we 
get using the quasi-locality. 

Lemma A.6 (Lower order products). LetO < si^y, S2,v, sj^v < 1/2 with si,v + *2,v + 'S3,v = l/2-s 
for some s e [0,1 /2), s + si < j, q e [I, oo]. Then there exist 9 > such that if for any bilinear 
operator G the following pointwise estimate holds, 

N 



\Giu, v)\ < 2 A-"-*/2 (a-''^-/2|«| A-'^.'/2|,|) , 



then for any A > 2, £ E [0, ^3], 6 6 [0, ^2] we have for ^ — ^ + ^ 

(A.3) 

CXI 

If suppA^^u C Br we furthermore get for any k > 2, A > 16, 

\\G(u, !^)ll(^,,),Ai,. ^ A-'*ll«ll(2,oo),R l|A-^ (A.4) 

Proof. It is enough to prove the statements for the case N - I and we set in this case i, :- Si i 
for i - 1, 2, 3. Note that in case = at least two of the parameters si, S2, S3 are positive. 

Now we use several times the quasi-locality (Lemma A. 2, e.g., in the first application with 
a''- in place of A, for P*-j^, q-°°, ^-^i, p- i+2(i+.ti) -*' Holder's and Sobolev's inequalities. 
Let e e [0, 53], 6 e [0, ^2], 

l|G(M,t;)||(_^^)_B, 



" "^^( 1+2(1+,,, ) -g)-^AWr 



CO 

A = l 

CO CO CO 

< ^ ^ ^(•^(A--l)/2-)-l/2-ij-^(/i-l)/2^-l/2+ft(y^(/2-l)/2-)-l/2+ 



k=l ;, = ! l2=l 
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• IIA 2m||, 2 „ ^ b IIA ^-u\\, 2 

DO 



k=2 



for > Q small enough, depending on Si, S2, S3, but not on s. As for the second estimate, 
using Lemma A.l and again Lemma A. 2, we have for A; > 1, 



\\G(u, - IIA-T (A-* |«| A-T |„|) ||(^ 



<A-*^||A-*|«|A-*|.|||,_^,^,,^,,^,_ 

-'11. —'11. 
+ IIA 2 |m| A ^ lc;lll 2 o 

" ' ' ' "'< l+2l.,+.,|) -g)-^Att2,.-^At;2,. 

00 

+;^iiA-T|«iA-TMii(_^_^,_^.. 

Z=2 

< A-*^||A-*|«|||(^,„,^ IIA-^ |.|||(^,^,^ 
+ l|A-*|«||l(^,^), I1A-T|,|||^^_^^_^^^^^^_^^^^^^ 

00 

+ ^ ||A-*|«|||(_2__^)_,^ l|A-T|,|||(_^_^,_^,,, 

1=2 



< A"'^ll«ll(2.oo)||A-T,|| 



(t^,oo),R 



+ IIm|I(2,«,),r I|A- 2 t;||(_2_,^)_5^,.^^__B^^.,^^ 

00 

+ ^ l|w|l(2,oo),R l|A"^y||(_2__^)_^t+/. 



Since 



1=2 



.-'11 .1-11.-1 
A 2 y - A-t 2 A -ly. 



— 1 — 1 9 

under the assumption supp A 4 y c Z?,, Lemma A.l with 5=^-53, Pi — j^^, P2-°°, Q3=Br im- 
plies (note this is a rather rough, and non-optimal Lorentz-space estimate, which nonetheless 
suffices for our purposes!) 

I|A-T„||(^,^,^,^^^^^_,^^^^^ < A-Mi-f < A-*(^f )4-3 ||A-*.||,^,), 

and 

IIA-* .11,^,,,,,^, < A-(*-"-^-||A-T,||^^^,^. 

We thus have shown. 



(, l/2-,fi —s I /- I -^1 \ 1 ) 1 \ 
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This implies (A.4) for a > depending on si,S2,S3 and not on e e [0, S3]. □ 

We also have the following: 

Lemma A.7. There are 6 > Q, s > such that, 

\\H,{a,b)\\a,),B.<\\A-'^A'*a\\^^^M^^^^ 

CO 

If swppb C Br we furthermore get for any k > 2, A> 16, 

\\H^_(a,b)\\^_2_^g^^Al ~ A"*''IIA^fl||(2,«),R ||A-Ujfl|l(^_i)_K. 

Proof. Immediately from Lemma A. 5, Lemma A. 6 we get the claim where A^a, A^b is re- 
placed by |A4a|, \A^b\. But in fact, by the more precise estimates involving s in Lemma A. 5, 
one obtains the same result, following the steps of the proof of Lemma A. 6 without the abso- 
lute value - if we take S, s small enough. We leave the details to the interested reader. □ 

We use the lemma above to estimate the tangential part as stated in Lemma 3.L 

Proof of Lemma 3.1. With (3.10) we obtain ||A'/-|g'|^|| < r^+''. In order to show (3. 11) by the 
decomposition (3.8) it remains to treat the //-term. We rewrite 

AiHi(a,b) = H i{a,b) + aA^ b - AHaA^b) + bA^ a - A^bA^a) . 



_j =:II -.HI 

We will show that all three terms satisfy the hypotheses of Lemma A. 6. Due to Lemma A. 5 
this is true for the term /. 

As for // note that // = in case s = 0. If s € (0, 1), the potential definition (3.2) of A 5 gives 

i /?((/) - a{x)A^b{x) 



Mix) = c 



( r A4b(y)-A^b{x) f a(y)A-^.^,, ^ 

— — 



r (aix)-a{y))A-^b{y) ^ 



Using a — A^^ A^a we arrive at 



\a{y)-a{x)\\A-^b{y)\ n A\ij - zV'^^- -\x - z\-'^--\A-^b{y)\A-^a{i) 



r- \u\y) - a\x)\\^i\-iU\y)s^ n n 

J \x-u\'" '^^^ J J 



TOI^ I \ ^7^ -dy^ I I ■ ■ ^77 -dydz 



x-yY" J J \x-y\ 
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For almost all x, y, z we get from Lemma A.4 choosing 6 :- 



4 ' 2 



\y-z\-'^^- -\x-z\ 



which implies, using again (3.2) 



< {\x - z\\x - y[r'^^-^ + (\y - z\\x - j/ir , 



< A '8"|Ajfl|A '8"'|A^/7| + A '8"'^|Aife|A 's"'|Aifl|j. 

By symmetry a respective estimate holds also for the term ///. Applying Lemma A. 6 one 
concludes. □ 

Proof of Lemma 3.2. Again the proof relies on quasi-locality. First we decompose 



Z 

k=2 



Ai:/3,-B^(l-l)/3r 



IJ" A-^g'iOJijHii2{g'j,(l>) < J A'^g'iCOijHipSg'j,^ 

^ \\A*g'\\(2.co),B^i„)\Hi/2{g'j, <^)ll(2,l),B^„3, 

oo 

.°°).Ba(1+1)/3, ll^l/2(^>0)ll(2,l),A'- 3 ■ 
k=2 " 

Using Lemma A.7, the first summand can be estimated by (for some uniform e > 0) 

(oo 
llA^0'll?2,oo),B„. + Wg'WiM,. A"'"IIA^9'II(2.oo).b,, 
1=2 

Applying the second part of Lemma A.7, the infinite sum can be estimated by 

oo 

||A-Je|AJ<^|||(^,^) Wg%2,^) A-''Wg\2,^),B,a.u,r- 



k=2 



A.3. Iteration lemma 

We also need an iteration lemma in order to prove Dirichlet growth using an argument which 
appears, e.g., in [TaoOl, DLRl la]. One should see this as a generalized version of De Giorgi's 
Iteration Lemma, cf., e.g., [Gia83]. 
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Lemma A.8 (Iteration lemma). Let C < oo, A > 1 and > be given. 
Ifbk > Ofor k eNq satisfy 

k 

b,^i < sbk + CiA-"^'^'^ + 2 A-^'b,-,) (A.5) 
1=1 

for all A: 6 No and s > small enough, A big enough, then 

h < A-* 

for all k e No- 

Proof We will prove that 



Y,iA)% <bo + l 



k=l 

Multiplying Equation A.5 with A'', and summing over k we get assuming A "A < 1 

oo oo oo oo ^: 



A-' 2 A*+'fe,,i < A*Z7, + c 2 A-fl(*+i)Ai + c Xi Z ^""^'^^ 

yt=0 k=0 k=0 k=0 l=\ 

OO oo cw 

<sJ]^''h + cY,Y, ^'"~^''^'bk' + CA-o 

k=0 A-'=0 1=1 

OO oo 

< A*77A. + CA-^'A Yj ~^^'bk' + CA-" 

i=0 *'=() 

Choosing A so large that CA^ A"" < 1 /4 and < e < we get 



OO J ' CO \ 

YjA%<- ^A^T^i + ^o + C 

Jt=l U=l ) 



and hence 

OO 

if the infinite series converges. If the sum was infinite, we apply the above argument to the cut 
off series 

ibk ^bk ifk<0 
\bk -0 else 

and get the uniform bound Y!k=ii^'^bk <b() + \. Letting N ^ oowe conclude. □ 
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